Vol. 5 No. 1 (2005) 1-13
YEMEN ENGINEER

Faculty of Engineering-University of Aden

1 Theoretical Study of The Generalized Laguerre Polynomials

Maged G. Bin-Saad” and Ahmed A. Al-Gonah”

Abstract

The Laguerre polynomials play an important role in several diverse fields of
physics and in many given physical problems a numerical analytical
evaluation of the Laguerre polynomials is required.

This paper aims at presenting Laguerre polynomials in two variables which
provide an unification and a generalization of the classical Laguerre
polynomials and their various generalizations introduced in the literatures
from time to time. In particular, generating functions, integral representations,
differential equation, recurrence relations, Laplace transform, expansions and
some applications of this polynomials are established. We also derive explicit
representation for this Laguerre polynomials defined through generalized
hypergeometric functions, which naturally yield numerous other potentially
useful (numerical and analytical) properties of the Laguerre polynomials.
Finally, some of these results are employed to derived explicit relationships
for the wavefunctions of the Morse and Pdschl-Teller potentials, which are
frequently used to describe molecular systems.

Keywords: mathematical physics, Laguerre polynomials, generating relations,

generalized hypergeometric functions, wavefunctions.
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1. INTRODUCTION
The Laguerre polynomials L (x) and the associated Laguerre polynomials L (x)
define by the series

L0 = Z{ ]X,)S , @
L0 (x) = Z[(””]( o @
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are important classes of orthogonal polynomials encountered in the applications,
especially in problems involving the integration of Helmholtz's equation in the parabolic
coordinates, in the theory of the hydrogen atom, in the theory of propagation of
electrometric waves along transmission lines ,etc. For an excellent review of various
mathematical properties and computational methods concerning the Laguerre
polynomials [Lebedev, 1965; Erdelyi, 1953; and Anderws, 1985].

Also, the theory of the generalized Laguerre polynomials has witnessed a rather
significant evolution during the last years ( [Dattoli et. al., 1996, 1998a and 2000b]).
In applicative fields, we note that for some physical problems the use of new classes of
polynomials provided solutions hardly achievable with conventional analytical and
numerical means. In this paper we aim at establishing a new class of Laguerre
polynomials denoted by L““# (x, y; k) involving two variables , which are generalization
and unification of number of known Laguerre polynomials defined by Ragab, 1991],
Dattoli.et.al., 1998a and Knohauser, 1965] and obviously the ordinary Laguerre
polynomials defined by(1) and (2). Further,a number of properties of these polynomials
are discussed, including, generating relations, differential equation, differential and
recurrence relations, integral representations, Laplace transform, series expansion and
some of applications.

2. THE LAGUERRE POLYNOMIALS L™ (x, y;K)

We defined the generalized Laguerre polynomials L“” (x,y;k) by means of the
generating relation:

e' (= a+L-xt) OF{—;ﬂTﬂ,...,ﬁ:k;—(y/k)kt}

— SBL I‘(rlaﬁ) (X! Y k) tn (3)
_n:O (ﬂ+1)kn(a+1)n ’

where | F, is the generalized hypergeometric function[Srivastava and Manoch,1984]:

= (a)y(ap), zn
F 19 pr M1 ] = - . _ y 4
ety e BB = S o OB “
A, 1“(/11; n) , I' :Gamma function
(A)kn:kk”(i] (’I_Jrl) ...[ﬂ”k_lj . k=123,...andn=012,..
k n k n k n

From (3) and (4), we get

i n! LA (x, y; k) tnzi%{i (=x)¢ i -y }tn+q+s,

n=0 (ﬂ—l_l)kn(a'i'l)n n=0 q:O I(a+1)q sos(ﬂ+1)ks

oo (y") (%)° :
—Z{ ¢ &G+ Dy (2 +1) (=5 q)'}t |
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—_Dknl
which on using (n—k)!= Lo and comparing the coefficients of t", yields
)k
-n), .. x%y*
Lﬁa’ﬂ) (X1 y’ ) F(kn + ﬂ +1)F(a +Nn +1) ZZ )q+s y (5)
(n1)? 0 o 0F(ks+,6’+1)1“(a+q+1)q's'
equation (5) shows that L'“”(x,y;k) is polynomials in y*and x.
It may be of interest to point out that (5) yields the following relationships:
LY? (x,0) =L, (%) (6)
L=9(x,00) = L (x) (7
L>2(0,y;k) =27 (y;k) 8
y' LY (x1y,00) =L, (xy) | ©)
y'L? (x/y,00) = LV (x,y) (10)
1 x?P yn
EX Y 0o xry0)=,L,,(xY) (11)
(n+ p)! ”
and
L2 (x, y0) = L (x,y) (12)
are Laguerre polynomials due to Ragab[1991] defined by: L (x, y) where
-n s x@
L(naﬁ)(x, ) (0{ +1) (ﬂ"'l) ZZ )s+q y X_ (13)
s=0 q=0 (a+1) (ﬂ"’l) Slq' S! ql
Z " (x;k) is Konhouser polynomial [1965]'
ks
2% (x:k) = Ckn+a+1) (=n), x*® , (14)
n! =STks+a+1) sl

k is positive integer,which for k=1 reduces to the associated Laguerre polynomials (2)
and the special case when k=2 were encountered earlier by Spencer and Fano [1951] in
certain calculation involving the penetration of gamma rays through matter, and
L, (xy), ;L,,(x,y) and L7(x y)are Laguerre polynomials due to [Dattoli et.al.,

1998a; 1999 and 2000b].

Clearly, for y==0and k=1,(see (7)), (3) immediately reduces to the well known
generating relation of the associated Laguerre polynomials L (x) [Rainville, 1960]:

£, L (x)
e F(—a+l—xt)=) 02" | 15
oFu( ) nz-;(aﬂ)n (15)

Whereas, for x=a =0, (see (8) ), equation(3) reduces to another known result due to
[Srivastava 1982] in the form:

-2/, )(ﬂtnl) eoF{—:ﬂk+1 ﬂk” (y/k) t} . (16)
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Now ,one more particular case of the generating function (3) is worthily of note.
Indeed, if in (3) ,weset y=a=£=0,k=1 ,replace t by ty and x by x/y and
use the relationship (9), we obtain:

0

e"C, (xt) = Z%L xy) . (17)

n=0
where C,(x) is Tricomi Bessel function [Dattoli and Torre, 1996]:

Co() = Z(‘ﬂ,)x . (19)

In fact the above formula (17) is a known result (see [Dattoli and et.al. 2000b]).
Further in view of (7) and (8), we may write (5) in the more elegant forms:

@ o on TN+ B+DM(a@+n+1) & (—y*) L (%)
L vk = n! Z(; SiT(a+s+DITk(n—-s)+ A +1] (19)
and

(@.p) ) F'kn++DI'(a+n+1) & (=x)°Z7 (y;k)
L yik) = n! Z(; SIT(a +s+DIk(n=s)+ B +1] (20)

respectively.
Furthermore, according to the definition of the Kampé de Fériet series of two variables
F,P9* [Srivastava and Manocha,1984]:

I:m;n

[ @0 (E; H(a )”slj_!(b ), H(c ) ys
d f Z z @1)
( ) (e )i ( ) rs= OH(d )r+sH(e ) H(f )

I:m;n

we can easily derive the following explicit representation of L (x,y;k):

-ni——

LA (x, y; k) = (B+Dw(@+1), 100 ’ X, (X)k | 22)

(n1)? WU _ra+ LAk, f+1); K

where A(k; 1) denotes the array of k parameters : % : 1;1 4 +: -1

Yet, another generating function for L (x, y;k) can be established in the form:
Al —

&), L (Vi K) 0 e (—th{ —yt }
Zc; B @D, © D Pl Ak peli-t acoks || @)

To establish this generating function, we have from (5):
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Znl(4), L ? (%, y,k) = (4), F(ﬂ+1)F(a+1) Mnes ¥ X 8
nzz(‘; LB+D),, (¢ +1]), nZ; sz.;ng‘)l“(ks+ﬁ+l)l“(a+m+l)slml

zz(l)mﬁ( tX) ( ty )S z(ﬂ'+m+s) —

s=0 m=0 ﬂ"'l)ks(a"'l) m|s|n =0

A ; : K
=(L-t)*F° (_th( b A ]
.—( 0:1;k —C(+1,A(k,ﬂ+1), 1—t (1—t)kk

For x=a =0 and in view of (8), (23) reduces to a known generating relation due to
[Prabhakar, 1970]:

= (A), 20 (y;k
Z() (y:K) ¢

n=0 (/B 1) kn

. —y*t
t" = (1—t) F{/I Ak, B +1):; [—(1—t)kkﬂ . (24)

3. INTEGRAL REPRESENTATIONS FOR L“#(x,y;k)
We have the following integral representation for L*”(x, y;k):

YT+ B+D) b o puty gyt
1"(,3—/J)1“(kn+y+1).([t (-7 L (xtk) dt, (25)

x*"T(n +a +1) ¢ a-p-11 (w.f) )
t“(x=t) LA (L y; k) dt , 26
r(a_ﬂ)r(nwﬂ)! (=D)Lt yik) (26)

for Re(f)>Re(x)>-1 and Re(a)>Re(u)>-1

L ? (%, y;k) =

LP (x, y; k) =

and
C(kn+ B+D)T(a +n+1) PO [t = (xt* 1 w) — y*T"
(n!)2 (27[ |)2 4l tkn+ﬁ+lﬂa+l

To establish (25) , substitute for L“#(x,y;k) from (5), using the integral formula
[Srivastava and Manocha, 1984]:
[ttty = DO e (28)
I'a+ p)

0
and finally (25) follows from (5). In the same way (26) can be proved.
Finally, upon using the binomial theorem:

L(na,ﬁ) (%, y;K) = e dtdu. (27)

-2
(1_X_ y) szo( )s+m sl m| | (29)
and Hankel's formula [Erdélyi,1953]:
R
—=——— [e'tdt : (30)
I'z 2xi -,

we can establish (27).
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For x=a =0, (25) reduces to the known result [Prabhakar and Rekha,1978]:
-B y
25 (y:k) = yT'(kn+ £ +1)

t“(y—t)/#*Z4(t;k) dt, 31
o et 00 ZIER) (31)
If in (25) and (26) we let k=1, we get interesting integral representations for the
Laguerre polynomials due to Ragab L*# (x, y) [1991] as follows:

(@.5) _ YITBANHD o seuty

L0 = T ) YD el (32)
and

L y) = = DT e L e (39

Na—wpI(n+p+1)y
respectively.

4. RECURRENCE RELATIONS AND DIFFERENTIAL EQUATION
Consider the expression:
x'(kn+ g +1) L @1p)

_ (@L5) (y \-
| =(a+n)L7 7 (%, y;k) + n(kn—k+ 4 +1) L7 (xyik) (34)
Substituting for L (x, y;k) from (5), we get
| = 1“(kn+ﬂ+1)lﬁ(0¢+n+1)2‘Z (=n) . X"y? N xC(kn+ B+ (e + n+1)
(n1)? SET(ks+ B +DI(m + a)mis! n[(n —1D!1]?
% : E (_n—i_:l-)m+sxmyS - (35)

om0 L(ks+ S+ '(a+m+2)m!s!

Now, on letting m=m-1 in the second term of (35),and simplifying, we obtain the
recurrence relation:

a L (x, y;K) = (o + )LD (x, y; k) + Xk + f+D | e

nC(kn—k + 3 +1) Ly (% y:k) . (36)

In the same manner ,we can show that
AL (%, yik) = (kn+ BILTD (x, yik) +

For k =1and using the relationship (12) , equations (36) and (37) reduce to a known
result due to [Ragab, 1991] :

k
KEE by yiky (37)

(a.8) _ (a-1.5) xC(n+4+1) Ls1h)
a7 (% y)=(a+nL 7 (X, y) + AT+ B) %y (38)
and
APy = (14 AL ko) + XD gy (39)

respectively.

In view of the operator D; define by (see[Dattoli and Torre,1998a]):



Theoretical Study of The Generalized Laguerre Poly... /Yemen Engineer, Vol 5, No.1 (2005) 7

prze = @D jen (40)
IN'a—n+1)
we can easily see that:
D, L& (6, yik) =t D wam iy gy (41)
nC(kn—-k+3+1) "
VU, L (e yik) = D ey iy @2)
nrC(kn—k+ g +1)
ey
D y"D, L (x, yik) = S DMLY iy gy, (a9)
nC(kn—k + g +1)
g~ x“
D.'x* D, L (x, y;k) = —(n+ LD (x,y;K) 45
X X n ( y ) (kn+ﬂ+1) (0[+n+1) n+l ( y ) ( )
and
D,y D L (x yik)y' s =y,

k(kn+ B +1) (e +n+1) "
Next, from the relations (43) and (44), it is also proved that the set of polynomials
L&A (x, y; k) satisfy the partial differential equation:

o O o+l 0 | (a.p) j y” 5 1 O | (a.p)
X —Ly X,V k —L; X, V:k . 47
8X ( o (x,y;k) k 5 y : (x,y;k) (47)

k
Now, in (3) denoting etoFl(—;oz+1;—xt)0l:{—;’BJrl Bk, (kj }by f(x y;t),

k k
we at once find that f (x, y;t) satisfies the partial differential equation:
oyt iioo (48)
ox koy ot

Substituting for f(x,y;t) from (3) and equating the coefficients of t", we obtain the
differential recurrence relation:

xD, L (x, y; k) +%Dy LA (x, y; k)

I'kn+ g +1)

=nL"? (x, y;k) -
nn+a)l'(kn—-k+p4+1) "

Ly (x, yik). (49

5. LAPLACE TRANSFORM
Operational image of the Laguerre polynomials L/ (x,y;k) in the classical Laplace
transform [Srivastava and Manocha, 1984]:

L{f(t):s}= Te“ f(t)dt=F(s) |, (50)
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can be obtained by appealing to Euler's integral :

o0

I 41 ’Stdtzr—j“ ,min{Re(41),Re(s)}>0 . (51)
S

0

Thus ,we have

O ey 8

Iu vie ™ ) (xu, yv; k) du dv
0

-n:y+LAK,A+1); ‘
_(BD(@+D), T+ 9T (A+) X [ v j 2
(n!)zs{/‘FlS;ﬁFl 01k —a +1,A(k,ﬂ+1), Sl ! 52 )

provided that Re(s,) > 0,Re(s,) >0,Re(y) >—-1 and Re(4)>-1

Now, some special cases of (52) are worthy to be noted. For k =1and using the
relationship (12), (52) reduces to

V\gAa—SiU=syv | (a,5)
”u vie i L (xu, yv) du dv
00

_(B+)(@+]) I(y+)r(A+]) | . Xy
= ()s s F{ n,y+1,A+L;a+1,5+1; ,SJ, (53)

where F, is Appll's function [Srivastava and Manocha,1984].
For y = «, (52) reduces to

00 00

J'J'uaviue—slu—szv L(na,ﬂ) (XU, YV k) dudv = (ﬂ + 1) knr(a +Nn+ :I-)l—‘(/’L + 1)

2% (n|)2 a+1 ﬂ.+l

x(l—x/sl)”kﬂFk[—n,A(k;/I+1);A(k;,B+1);M}. (54)
(1_X 51)
Ifin (52), we let 1 = S, we get

J‘J.uyvﬁefslufszv L(na,ﬁ) (XU, yV,k) dU dV: F(kn‘i‘ﬁ‘i‘g.) (czl—i_lin r(7/+1)
00 (n!) Sl;/+ Szﬁ+
" x/s
xl—(y/s,)| ,F|-ny+La+L,—2—|. (55
[ (y/s,) ] 2 1{ v a 1—()//Sz)k} (55)

Finally, in view of the relationships (7) and (8)and using (50), equation (52) give us the
following known results ([Srivastava, 1982 and Prabhakar,1970]):

L{v*Z7 (yv;k) :s,}
(D, T(2+Y) {_n A+l

A+kK ,[3+1 ﬂ+k
T T K (/s)} (56)

nis;™
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O e A 7)
and
L{u“L“(xu):s,}= h+a+l) (s, —x)" (58)

nls™

6. EXPANSIONS
In this section we will derive a number of expansions involving the Laguerre

polynomials L (x, y;k) ,which follow:

Zn: (-n), (k(n i); +1)_ Ly (%, y; k) =Ly [(x=2),y:K] ’ (59)

i( ), (Si)n+1) L&2m (x, y; k) by k) e

z (Xy ) La+m (X) %7 ﬁ’+km(y; k) _ Lﬁa,ﬂ) (X, y; k) , (61)

Z ( 1) ngx):n') L(a+m f+km) (X, y: k) _ Zf (y; k) % L(na) (X) , (62)
and

To prove (59), substitute for L™ (x, y;k) from (5), so we get r — r —m,we obtain

L.H.S of (59) = Z "Tkn+ S+l (a+n+]) J'E (=N)gor (1) Xy (2/X)"
o (-n), [(n—m)l] = ((D"(n), T(ks+ S+ (e +r+Lmirts!
_T(kn+ B+l (a+n+1) ¢ (-n),,, x"y* (-
(n1)? ZOZ;‘ T(ks+ B+D(a +r +1)§ (277, (64)

then we obtain the right-hand side of (59). In the same manner (60) can be proved.

To prove (61) substitute for L@*™(x) and Z/**"(y;k) from (2) and (14), respectively,

to get

LH.5.0f(61) = Z“:(xy")ml“(OHn+1)2F(kn+ﬂ+1)Z (-n+m), X" & (-n+m)y° (65)
mo mi(nl) F(a+r+ )t C(ks+km+ g +1)s!

Now, on letting r ->r—m and s—>s—m in (65), and then using the transformation

[Srivastava and Manocha, 1984]:

,F(ab;cl) =

I'(c—a-b)l'c
I'(c—a)l'(c—b)
we obtain the right-hand side of (61).

In the same manner (62) and (63) can be proved.

(66)
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Finally, on putting z=x in (59) and z =y in (60), we obtain the following interesting
special cases:

. D" (a+m, B) X" (0{+1)n p
mZ‘)( N, (kn+B+1)_, Lo (0 Y k) o Za(yik) o, (67)

and

3D L y,k) _B +n|1) L9(x) .,  (68)

=), (a+n+y_ "
respectively.

6. APPLICATIONS
An important properties of the Laguerre polynomials L“# (x,y;k) is its link to Morse

potential and Pdschl-Teller potential. Indeed, a part from the harmonic oscillator
potential, which provides a good first approximation for the low-lying spectrum of a
diatomic molecule, the reference potential are the Morse potential (which describes
reasonably well the high-lying spectrum) and the Pdschl-Teller (which describes better
some specific degree of freedom of linear molecules, such as the flexion modes)
[Sanchez-Ruiz, 2003]. In this section we will see how some of the results of the
previous sections can be exploited to derive expansion formulas for the wavefunction of
Morse potential and of Pdschl-Teller potential, which are specially useful in situations
when the parameters and variables take on particular values.

(@) Expansion of Morse wavefunction in integrals of elementary functions

The so-called Morse potential is

V(W) =V, (e —2e7"), (69)
where V, and y are cnstants. The exact closed form of the normalized eigenfunctions is
([Nieto et.al., 1979; Pérez-Bernal et.al., 2000] )

v, (W) =N (n) Xi—n—l/Z e—X/Z L%Z/?,—Zn—l) (X) ’ (70)
for 0 <n<[21-1/2](square brackets denote integer part of the expression within), where
1/2
o[22 xmare, o LN (71)
ney r2a-n)

(24-2n
Lﬂ

o 1S the mass of particle and ) (u) is the varying Laguerre polynomials define

by ( equation (2) ):
o 24 —2n) -n;
L(21 2n-1) u :( n F u . 72
CE = R (72)
For the involved Laguerre polynomials in (72), the integral representation (27) yields
the connection formula

0+) (0
@rany (- @2=m) PO - xt/uy”
n T nl (27zi)2 240
and therefore the corresponding relationship for the Morse wavefunction is

edtdu , (73)
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N (n) Xi—n—l/Z e—X/2 (0+) (0+) (t _ Xt/U)n
n! (2721)2 Jol tn+1u22—n

which is an expansion of Morse wavefunction in form of Hankel's transform.

W, (W) = e dtdu , (74)

(b) Expansion of Pdschl-Teller wavefunction in integral involving Laguerre
polynomials

Let us consider Pdschl-Teller potential

WO
VW) cosh?kw ' Wo>0
which is often used as a realistic model for molecular potentials. Its eigenfunctions are
essentilly varying Gegenbauer polynomials, since their explicit form is [Nikiforov and
Uvarvo, 1988; Pérez-Bernal et.al., 2000]

$,(W)=C,@-x*)""* P (x) | (75)
where P> is the Gegenbauer polynomials defined by [ Rainville, 1960]:

(o +1) -n,n+20+1
P77 (x) = =R 1-x1, (76)
n! o+1 2
for né(\/s2 +1/4—1/2) , o=0,=-n+Vs?+1/4 -1/2 , x=tanhkw ,
s? = i’tzl\:/zo and C,, is the normalization constant.

For the involved Gegenbauer polynomials in (76) the Laplace transform (55) yields the
connection formula

P9 (x) = - juz"“‘ eV L) (—(1_ X) u}du , (77)
F(2o+n+1)y 2
and therefore the corresponding relationship for Péschl-Teller wavefunction is
2 cl2 4 B
¢, (W) = MI usothe™ L@ =Xy \du. (78)
[(20+n+1) 2

(c) The product of two Morse wavefunctions

Now, we will compute the connection formula relating the product of two
wavefunctions of two Morse potential with different parameters.

Let equations (69), (70) and (71) be the first Morse potential. For the second Morse
potentail,

V(W)= Vy(e 2V —2e7"),
the eigenfunctions w,(w) are given by equations (70) and (71) with V,, 7, 4, x, N(n)
replaced by V,, 7,4, %, N(n), respectively.

For k =1, formula (62) reduces to
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Z - (1) ngxym.) L™ (0 y) =L () x L2 () - (79)

For the involved Laguerre polynomials, equation (79) give us

L(ZA 2n—l)(y)>< L(ZA 2n—l)(X) Z( 1) (XY)m L(21—2n+m—1,2):—2n+m—1) (X y)’ (80)
m=0 ( n) m' " ’
and therefore the corresponding relationship for the product of two Morse
wavefunctions is

7. (W) x (W) =N (n) N (n) x* "2/ yA-n-/2 gy

Z ( l)n)(Xr);)' (nz)unzzn+m71,2ifzn+m—l) (X, y)_ (81)

7. CONCLUSIONS
Section 2 introduced a new class of Laguerre polynomials denoted by L“# (x,y;k) as

the natural solution of partial differential equation of the type given by equation (47).
It has been shown that they are unification and generalization of a number of known
Laguerre polynomials. Further, It has been observed that the use of Laguerre

polynomials L'“#(x,y;k) is particularly useful to derive new properties for already
known polynomials, which are a special cases of L (x,y;k) .

Finally, the same point of view of the previous sections can be used to generalize other
special functions of mathematical physics and state new properties,like, generating
functions, integral representations, differential equation, recurrence relations, Laplace
transform, series expansions and some applications, for these special functions, which
play an important role in physics and engineering.
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