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Abstract
In this paper ,by using N- Fractional Differintegration , we have
made a considerable results on the multiple Hurwitz Zeta functions

¢(z,a) and {(—Z ,a).
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1. Introduction and definitions

By applying N- fractional calculus, Nishomoto (see [1]

and[2]) established new theorems involving the fractional calculus

of the generalized Zeta functions ¢(z ,a) and ¢(-z,a). Also

Nishimoto ( see [ 3 ] ) established the N- partial and fractional
Differintegrals calculus of the generalized Zeta function.

In [ 2] Nishomoto gave the following definitions:
Definition 1: Let

D-{D D} . C={C .C}

C_ be a curve along the cut joining two points zand — oo +i Im(z )
C, be a curve along the cut joining two points z and o +i Im(z )

(Here D contains the point over the curve C ).

Moreover , let f =f (z) bearegular functionin D (z €D).
=)=l = A s ren).
(f),=lim (f) , (meZ) (1.2)

Vv—-—m

Journal of the Faculties of Education ................VOL (14) NO 2 Jul 2016 3



N- Fractional Differintegration of The Multiple Hurwitz ..... Fadhle Mohsen

where —ﬂSarg(J—Z) <z, for C_
O<arg(¢-z)<2z, for C,
I" is the Gamma function, then (f )V is the fractional

Differintegration of arbitrary order v ( derivatives of order v for

v > 0, and integrals of order - v for v < 0, with respect to z, of the
function f.

Definition 2: The fractional calculus operator (Nishomoto's operator)
is defined as

N = F(Z‘/;il)! (g_dj)”ldg C (vezT), (13)

with

N =limN", (meZ") (1.4)

In [ 4] the following definition due to Junesang Choi and Srivastava

is given:

Definition 3: The multiple Hurwitz Zeta function is defined by
G(za)= D (a+k +..+k,) ", (1.5)

Ky, k=0
where

Z =0+1It, (O',t eR , Rez =0 >n ,anO),
and the integral representation of ¢, (z ,a) is

6(za)=—[E " a4t | Re(z)>n.,neN (16)

F(Z) 0 (1—97t )n
In (1.5)replacing Z by —Z we get
Definition 4:

¢, (-2 ’a):k,g:o (@a+k, +.+k,) (17)

n
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Re(z)<-n ,agZ,
Finally, let us recall some useful results :
Theorem 1.1: (e“) =a'e® ,for azo, (z,vec), (cf. [2])

Theorem 1.2 (i) (cosaz )V =a’ cos(az + %vj

foo a#0, (z,veC) , (cf[1])

(ii ) (sinaz)v :avsin(az +%vj,
foo a=0, (z,veC) , (cf[1])
2: Main results

Theorem 2.1 : We have
(i) ¢“(z,a)=e"" i [log(a+k, +...+ k)] (a+k, +..+k,)",

Ky, oKy =0
(i) ¢ (-z,a)= i [log(a+k, +..+k, )] (@a+k, +..+k,)"
Kyoorky =0

for ¢ € R,
Proof of (i ): From (1.5) . we have

¢, (z.,a)=

(@a+k,+..+k,)" , Re(z)>n, agZ

o0
log (a+ky+..+k, )" zlog(a+ky +..+k, )"
e g ( 1 n) — Z e g( 1 n) ’ (a)
Ky, Ky =0 Ky, Ky =0

Now applying Nishomoto's operator N “ defined by (1.3)to both
sides of (a) , and using Theorem 1.1, we get
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(@) z.,a)= S |:ezlog(a+k1+...+kn)1j|
- 3 |

= i [Iog(a + K+ kn)‘1Te2'°g<a+k1+---+kn>

-1

= (-1)” io [log(a+k, +..+ k)] (a+k, +..+k,)"

=e'™ > [log(a+k, +..+k, )] (@a+k +..+k)"

K, Ky =0
which ends the proof.

Proof of (ii ): Operating the operator N “ on both sides of (1.7),
hence the proof is the same as in (i ).

Note 1: When « > 0, we have g},“)(z ,a)=d§+(§’a).

Theorem 2.2 : We have

(i) [e@a)] =[¢"(@a)] =" (z.a)  Re(z)>n,
(i) [a"(z2)] =[¢(-z.2)] =< (2.2)  Re(z)<-n,

a

for ¢ € R,

Proof: This Theorem can be easily proved by using Theorem 1.
Theorem 2.3 : ( N- partial and fractional Differintegrals of

¢, (z.a))

We have :
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0

= > [iIog(a+kl+...+kn)fl}/j(a+kl+...+kn)72,

Kpvonrky =0

for o, feR,Re(z)=x>n
Proof of (i ): We have

0

Jza) =" (x +iy,a)= > [(a Kyt k) ”y)J

Ky, k=0 ()
= > [(a+k1+...+kn)X(a+k1+...+kn)uyJ
Ky, k=0 a(x)
= i _exmg(a””“'*kn)leiylog(a+k1+...+kn)1]
A a(x)
= i _exlog(a+k1+...+kn)l:| eiylog(a+k1+m+kn)71
S (%)

Now using Theorem (1.1) and by easy calculations we get the desired
result.

Proof of (ii ): We have

0

Pz a)= %) (x +iy a) = > [(a+ Ky 4.4k, )" ””J

Kyron k=0 Aly)

0

= Y [@rkterk,) @tk k)]

Kyvo Ky =0 Ay)
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2 X1 -1
_ |:elog(a+k1+...+kn) elylog(a+k1+...+kn) :|

Kyyoonn k=0 A(y)

-x1

[
D

|:eiylog(a+k1+...+kn)’1:| elog(a+k1+...+kn)
0

Aly)

0 -x1

_ Z |:I Iog (a+ kl I kn)—1:|eiyIog(a+kl+...+kz)’lelog(a+k1+...+kn) ,

Ky,on k=0
which gives the desired result.
Theorem2.4: Let Re ¢, (z,a)=u(x,y)=u and

Im¢,(z,a)=v(x,y)=Vv, wehave

(i) U, =" i [log(a+k, +..+ k)] (a+k, +..+k )"
ky,onky =0

n

xcos[y log(a+k, +...+k,) ],

(i) u,,, =e 3 [log(a+k, +..+k,)] @+k, +..xk,)"
=0

KpvomKp

xcos{y log(a +k, + ...+ kn)l+%ﬂ},

(iii) V=€ S [log(a+k, +.otk,)] @4k, +tk,)”
Ky Ky =0
xsin| y log(a +k, +..+k,) ],

(iv) v, =€’ i [Iog(a+kl+...+kn)1ﬂ(a+kl+...+kn)_X
=0

Ky, Ky
xsin{y log(a+k, +...+k, )_1+ %IB} ,

for a,feR,Re(z)=x>n,
Proof : We have
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00

(a+k +..+k,) = > (@a+k, +..+k, )

Gi(za)= X
Ky, k=0 Ky, k=0

2

k

xlog (a+ky + ..+ k)™ iy log (a+ky + ..+ ky )™

e €
,=0

Kyvom

il -1

_ Z exlog(a+k1+...+kn)
Ky, Ky =0

-1

x{cos<y log (a +k, +...+ kn)fl) +i sin(y log (a+k, +..+k,) )}
Hence

0

u=Reg,(z.a) = 3 e

xcos(ylog (a+k1+...+kn)71), (b)

2 -1

V=|m§n(z,a): z ex'09(3+k1+---+kn)

xsin(ylog (a+k1+...+kn)'l), (c)
using Theorem (1.2) we canget (i) ,(ii ) from (b),and (iii),
(iv ) from (c ) respectively.
Also we can get N- partial and fractional differintegral of
¢, (=2 ,a) in the following theorem

Theorem 2.5: Let Re ¢, (-z,a)=u(x,y)=u and
Im ¢, (-z,a)=v(x,y)=Vv, wehave

(i) U, = z:o [Iog(a-Fkl+...+kn):|a(a+kl+...+kn)x

Ky Ky

xcos| y log(a +k, +..+k,) ],
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o0

(i) u,, = ZO [log(a+k, +...+k,)] (@a+k, +..+k,)"

xcos{y log(a+k, +...+ kn)_1+%ﬂ]

(i) v, = ZO [log(a+k, +..+k, )] (a+k, +..+k,)"

xsin[ y log(a +k, +..+k,)],

o0

(V) V= 2 [Iog(a+k1+...+kn)]ﬁ(a+kl+...+kn)X
0

Ky Ky =
xsin{y log(a+k, +...+k, )+ %,B} :

for «,feR,Re(z)=x<-n,

Proof : The proof of this Theorem is in the same manner that of
Theorem 2.4.

Nishomoto in [ 3 ] gave two theorems concerning N- partial and
fractional differintegral , and N- partial differintegral equations for

§(z ,a), here we have applying those results as an extension for
multiple Hurwitz Zeta function ¢, (z ,a) .

Theorem 2.6 :

g“n“(x)(z a) — (- )“ g“n“(y)(z ,a)=0 , Re(z)=x>n, aeR.
Proof : We have from Theorem 2.3 (ii )

0

§n(a(y»(z’a): > ia[Iog(a+kl+...+kn)71T(a+kl+...+kn)7Z

Kyvonky =0

on the other hand we have from Theorem 2.3 (i )
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0

i“;r(]"(x))(z,a)zi“ > [Iog(a+k1+...+kn)'1T(a+kl+...+kn)'Z

Ky Ky =0
now i“é’na(x)(z a) - g“n“(y)(z ,a)=0 , multiplying both sides

of this equation by (—i )” we get the theorem.
Theorem 2.7:

(M (z,a) ~ (<) ¢M)(z,a)=0 , Re(z)=x>n, meZ.
Proof : The proof of this theorem can be easily found from Theorem
2.5 by setting ¢ =M .

Setting @ =m e Z" in Theorem ( 2.6 ), we get the following result
Corollary 1:
o" é/n (Z ’a) _ (—l )m 0" é/n (Z ’a)
dx"™ dy"™
Also setting & = m € Z~ in theorem ( 3.6 ), we get the following

result
Corollary 2:

[¢,(z.a) )" = ()" [¢,(z.a)(dy)" =0.

Now, if we Put N =1 in Theorem (2.1)and ( 2.2), we get the
Theorems 2 and 3 given by Nishomoto in [ 3] related to N- ordinary
fractional calculus of ¢(z ,a) and ¢(-z ,a).

Also put N =1 in Theorems ( 2.3), (2.4), and (2.5), we get
Theorems 1 and 2 given by Nishomoto in [3].

=0, Re(z)=x>n.
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