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Abstract

In this paper, we introduce the g-analogue of two-index and two-
variable generalized Hermite polynomials. The recurrence relations and
Rodrigue’s formula for this polynomials are derived.
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1. Introduction

In this section, we will give a summary of the mathematical
notations and definitions required in this paper for the convenience of
the reader.

For 0<g<1, =29 =[]

(1.1)
[n]t=[n]n-1]...[i], neNU{} [0]t=1.
For 0 <k <nand zero otherwise the binomial coefficient is defined by

N oy @2

k], [n—k]![k],"
(a;9),

o L et

where(g;q), is the g-shifted factorial defined as
n-1

(a:0), ZH(l—aqk), ne Nwith(a;q), =1

k=0
The g-exponential function e, (x)is defined by

coe()=e(x), @3
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and this functione, (x) has the following properties:
1
) =e (- x); (1.4)

e, (x

e,(0 x)=(+(a —1)x)e,(x). (1.5)

The g-derivative with index « is defined by [7]
f(g"x)- £ (x
Dan):——(———T——, D,=D (1.6)

“=1)x
which for q-derivativ:aq of the pair of functions is valid:
D(4a(x)+ ub(x))= 4 Da(x)+ 2 Db(x) (1.7)
D (a(x(). b(x))= a((qx)(D b(x)(+ D a((x))b(x), (1.8)
a(x)) _ Da(x)b(x)- a(x)Db(x
o) e 9

Also, the g-analogue of (x £ y)" is given by [6]
(xxy)" =(x£y)y =Xn($%;an =X kzo R} a 1%( /) . (1.10)
q

2. g-analogue of two-index and two-variable generalized Hermite
polynomials
Shrivastava [8] introduced and studied the generalization form of
Hermite polynomials H__(x,y) which defined as

exp[2x(t+h) — (y +1)(t + h)*] = Z Hom (X, Y) ::,

Here, we introduce the generallzed g-analogue form of the above
polynomials, denoted by H¥)(x, y;q).
Let 0<q<1, for nm=0,.12,... and k a positive integer, we defined

the g-analogue generalized Hermite polynomials of two-index and two-
variable by:

2 h o
F(xy.t.hi )= exp, (2x(t +

H®( JthT. (21
exp(qy( ) z n,m qu (2.1)

n,m=0
Now, expanding the generating function (2.1) in series, we get
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STHE (X, y:q)t"h™ = exp (2x(t + h))exp_ - ay(t + h))
n,m=0

n

—Z ZX[] h)ni( ay) (t+h)”

* r=0 [r]fq!

by using relation (1.10), we obtain

r

T R

n,m=0 n=0 ]q = m=0

_ey gt @) ¢ (z)( 1 ) [kr] !(ay)t*h®
_nz:(;%q [n—m],![m], 'rz(;;q [r]kr —s],[s].!
$ 3 e
PP e PR e
_ o Wl ) >f+5[kr+ks]-q.<zx>"+m “fay) T
I (R T S KN R N
Equating the coefficients of t"h™in both sides, we obtain an explicit
representation for H ( X,Y;q) in the form

0 vy R )] 0 k] X))
H(yia)=2 30 ke koL r + s] AT o]t

3. Recurrence relations and Rodrigue's formula
Theorem 3.1
The g-analogueof two-index and two-variable generalized

Hermite polynomials H'*)(x, y;q) satisfy the following relations:

(2.2)

as k i IHn+r sm r(x yq)
, 3.1
PV H& (x,y;9)= q L (3.1)
and
o° ) [sk], (x,y;q)
Hr(1kn)1 X, V; q _ gq n+r —sk,m—r . (32)
2y ol sk—r] Tax
Proof.

Differentiating (2.1) with respect to x yields
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=9 N exp, (2x(t +h))
_|_| h"™ — h q
; ox X Y, q)t ( )exp (qy(t+h)k)
1 l rhl’ ©

=2 ZH,&" (x,y;q)X"h"

r=0[1 I’] qan

2 n+r—lm r(X y q)t h
;0; [L-r]Mr],!

n

On equating the coefficients of t"h™ on both sides of the above
equation, we obtain

0 0y o) o () Hioram e (X, y:0)
aanm(X'y"*)‘Zéq L-rl ]t 33)

L!H S o (X i)
k qu Zziq n+r 2mr ’ (34)
= [2-r]Ir],!
by contmumg this process, we get the required relation (3.1).
Again, differentiating (2.1) with respect to y yields

thus

=9 exp, (2x(t +h))
——Hi(x y;a)"h" = —q(t+ ) —
2 | exp (qy(t +h))

0

krr
—qi S X yah®

~ [k—r Il

I
QZEQ Hn+r km r(qu)th

n,m=0 r=0 r]q!

On equating the coefficients of t"h™ on both 5|des of the above
equation we get

k'Hn+r mrX
nmxyq——ng Bl . (yQ), (3.5)

[k—rLlr!

oy
thus
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o (5) [2k]H (x,y;9)
_Hr(1k X yi q =q Eq n+r 2k,m-r ’ (36)
oy’ [2k—r] ![r],
by continuing this process, we get the required result (3.2).
Theorem 3.2

The polynomials sequence {H)(x,y;q)}  satisfies the next

recurrence relation

1H &) .
[n+1]q n+1m(X Y q) qyiq [I’] k+l‘+]_] [k] Hn k+r+1m—r(xv y,(])

k—r]!r]!
(k) [ - IHr(1k)k+r+lm r(X 2 q)
Hiin(,:0)- qui [k —r—1],![r].!
, (3.7)
and
1], [k],! IHY) . (x,y;0)
1 H(k) 1 g [m r+ n—k+r,m-r
[m+1,HY).(x, y:0)-(—q)ay 2. kL
< () k=1 HE, . (xy:0)
=2xH¥ (x,y;q)-kay > q 4 e 20
Aboyia)—kay 2 0 T
(3.8)
Proof.

Differentiating (2.1) with respect to t and using (1.9), we find
> %Hé,km)(xl y;q)t"h”

_ 2xexp, (2x(t +h))exp, (qy(t +h)f )— kay(t +h) " exp, (2x(t + h))exp, (qy(t + h)k)
exp,(ay(t-+h)* Jexp, (ay(at + h)

SRR m_(2x—qu(t+h)k‘1)equ(2x(t+h))
n,%‘o[ LHY (%, ysqt™h" = equ(qy(qt+h)k)

By using the relation (1.5)(, we get )
“© im 2x—kay(t+h) " Jexp, (2x(t +h)
n H x
n;o[ h L (- (- a)ay(t+h)* Jexp, ay(t +h)")
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i [n]qHﬁ,km(X, y;q)t Apm i ( ) [k] 1t“"h' i [n ank X, V: q)t 1pm

o 7 k- r] Il 5%

k—1], 1t r'1hf -

n,m=0 r=0 [k r— 1 qan

S n+2,H, (o ysax - (A-glay 3. Zq(][” "”+1] [k] H e (% yq)t -

o o 1 k-] [r]

_2)(2 an (X y; Q)t hm kaZ zq( ) (q q)kl n-| k+r+1m r(X y;q)tnhm

o i 1 [k—r-1][r];

Now, on equating the coefficients of t"h™ of the above equation, we get
the required relation (3.7).
Again, differentiating (2.1) with respectto h, we find

2 0
—H t"h™
n;) P *(x y:)

2 exp, (2x(t+h))exp, (qy(t +h)" )— kay(t +h) ™ exp, (2x(t + h))exp, (qy(t +h)" )
exp, ay(t+ )" Jexp, lay(at+ ')

(2x—kay(t + h)k’l)equ (2x(t+h))
~(2-a)ay(t+h)* Jexp,lay(t+h))

NgE

[m], H¥) (x, y;q)"h™ = (

n,m=0

3
|

i [m-+2], Hifn. O yiqkh” - qu Zq[ Al r+1][I[<k] rTn[:jrlm (XY

Now, on comparing of coefficients of t"hm of the above equation, we
get the required relation (3.8).
Theorem 3.3

For the polynomlal H K

5 Xn+rn [/]ms r+ksl! r+s
? ['ﬁq!%m]q! Zf; Zt; qm[Ek+5](|:![]|2r§3ﬁs]q!Hgk)kfmks(x' y;q)- (3.9)

Proof. Using generating function (2.1) and relation (1.3), we have

(x,y;q)the following result holds true:
k
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exp, (2x(t +h))=exp, (qyt+h )ZH ®) (x, y;q)t"h™

n,m=0

Z(ZX t+h i Qyr t+h) ZHr(]k (X,y;Q)tnhm,

n=0 [ ] l r=0 ]q n,m=0
y us mg the relatlon (1 10), we flnd
q( j [kr] kr Shs iHr(]k X y q)t hm

Zoi [n m] ] =0 s=0 ano

ﬂ mhm

Ms

ng;oq( ) (2[§;”*|f:ﬂr;]hm _ ni g_:oq( S) [rk:: :]ks[}(ri [2:]5 nkn)1 (X, y;q)tn+krhm+ks
o [%]mk] k) [kr + ks 1 ris
i “;O =0 50 Q[Z) [£k+ s]k![]lzrﬁﬁs] !Hﬁ“’m*ks(x' y;q)t"h",

by equating the coefficients of t"h™ of the above equation, we obtain

the required relation (3.9) .
Theorem 3.4
Let qe(01), the g-analogue generalized Hermite polynomials

Hﬁknl(x y;q)has the following Rodrigue's formula:

o ) 2

H® ‘q) = 2 qy —-
n,m(X’ y; q) eXp( ay dX [n]ql[m]ql

(3.10)
Proof. Since,

%equ(Zx(t +h))=2(t + h)exp, (2x(t +h))
and

%Zequ(Zx(t )= 2%(t+ ) exp, (2x(t+ h),
by continuing this process, we get

%kkequ(Zx(t )= 24 (t+ h) exp, (2x(t +1))
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[zl %} exp, (2x(t-+ )= (t+h) exp, (2x(t+)).  (3.12)

Thus,
g & _3 (—1)(‘W){ —1di
exp{ qy2 ™ equ(2x(t+h))—§ L 2 ™ exp, (2x(t+h))
=3 CV @)y exp, 2t )
m=0 [m]q!
= exp, (2x(t+h)—qy( +h)k)
—ZH“ X, y;q)t"h™  (3.12)
n,m=0
Hence,
ZHS‘ xyqthm_exp{ qy2"dk}z X (t+h)
n,m=0 n=0 [n .
d n n mhm
= —qy2«
equ{ ay k}n 4 L q n m] [m]q'
:exp{—qu : } 2X t]h
n,m= 0

By equating the coefficientsof t"h™, we find the requwed relation
(3.10).
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